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Abstract
In this article, we give proofs on the Arnold Lagrangian intersec-
tion conjecture on the cotangent bundles, Arnold-Givental Lagrangian
intersection conjecture, the Arnold fixed point conjecture.
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1 Introduction and results
Let M be a smooth manifold and let T ∗M denote its cotangent space. Let
prM : T
∗M → M denote the natural projection. The canonical or Liouville
1-form λM on T
∗M is
λM(V ) = β(d(prM)(V )) for V ∈ Tβ(T
∗M).
The standard symplectic form on T ∗M is the 2-form ωM = −dλM . If q =
(q1, . . . , qn) are local coordinates on M then (q, p) = (q1, p1, . . . , qn, pn) are
local coordinates on T ∗M , where (q, p) corresponds to the covector
p1dq1 + . . .+ pndqn ∈ T
∗
qM.
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In these local coordinates we have
λM = −pdq = −
∑
j
pjdqj and ωM = dq ∧ dp =
∑
j
dqj ∧ dpj .
It is easy to see that (T ∗M, dλM) is an exact symplectic manifold. Let φ :
T ∗M → T ∗M be a Hamiltonian symplectomorphism (see[2]). The Arnold La-
grange intersection conjecture(see[1, 2]) in cotangent bundle is a well-known
conjecture in symplectic geometry. We recall the formulation. Consider a
smooth function f : M → R, we denote by crit(f) and critm(f) the number
of critical points of f resp. Morse function. Let Crit(M) = min{crit(f)} and
Critm(M) = min{critm(f)} where f runs over all smooth functions M → R
resp. Morse functions. Furthermore, let Int(M,φ) and Ints(M,φ) denote
the number of intersection points of φ(M) with M resp. φ(M) intersects M
transversally. Finally, let
Arn− int(M) := min
φ
int(M,φ); and Arn− ints(M) := min
φ
ints(M,φ)
where φ runs over all Hamiltonian symplectomorphisms T ∗M → T ∗M ,
resp. φ runs over all Hamiltonian symplectomorphisms T ∗M → T ∗M such
that φ(M) intersects M transversally. The Arnold Lagrange intersection
conjecture claims that Arn − int(M) ≥ Crit(M) and Arn − ints(M) ≥
Critm(M). It is well known and easy to see that Arn − int(M) ≤ CritM
and Arn−ints(M) ≤ Critm(M) . Thus, in fact, the Arnold conjecture claims
the equality Arn− int(M) = Crit(M) and Arn− ints(M) = Critm(M).
Theorem 1.1 Let (T ∗M,ωM)(ωM = dλM) be the cotangent bundles of close
manifold M . Then,
Arn− int(M) := Crit(M); Arn− ints(M) := Critm(M),
i.e., the Arnold Lagrange intersection conjecture in cotangent bundle holds.
Theorem1.1 in the stable case was proved by Hofer[8], the other methods
provided for example in [9, 4], for the complete reference, see [3].
Now we generalize the above definition to the exact Lagrangian subman-
ifolds in the exact symplectic manifolds. Let (V ′, ω′) be an exact symplectic
manifold with exact symplectic form ω′ = dα′. Let W ′ ⊂ V ′ a close sub-
manifold, we call W ′ an exact Lagrange submanifold if α′|W ′ an exact form,
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i.e., α′|W ′ = df . Let φ′t : V
′ → V ′ be a Hamiltonian isotopy with compact
support in V ′ such that φ′0 = Id and φ
′
1 = φ
′ (see[2]). Let Int(W ′, V ′, φ′)
denote the number of intersection points of φ′(W ′) and W ′ in V ′. Finally, let
Arn− int(W ′, V ′) := min
φ′
int(W ′, V ′, φ′)
where φ′ runs over all Hamiltonian symplectomorphisms V ′ → V ′ as above.
Similarly, one defines Arn− ints(W
′, V ′) := minφ′ ints(W
′, V ′, φ′).
Then the generalized Arnold Lagrange intersection conjecture claims
that Arn− int(W ′, V ′) = Crit(W ′) and Arn− ints(W
′, V ′) = Critm(W
′).
Theorem 1.2 Let (V ′, ω′) be an exact symplectic manifold with exact sym-
plectic form ω = dα′. Let W ′ ⊂ V ′ a close exact Lagrange submanifold.
Then,
Arn− int(W ′, V ′) := Crit(W ′); Arn− ints(W
′, V ′) := Critm(W
′),
i.e., the generalized Arnold Lagrange intersection conjecture holds.
Again we generalize the above definition to the close Lagrangian sub-
manifold in the general symplectic manifolds. Let (V ′, ω′) be a symplectic
manifold with symplectic form ω′. Let W ′ ⊂ V ′ a close submanifold, we call
W ′ a Lagrange submanifold if ω′|W ′ = 0. Let φ′t : V
′ → V ′ be a Hamiltonian
isotopy with compact support in V ′ such that φ′0 = Id and φ
′
1 = φ
′ (see[2]).
Let Int(W ′, V ′, φ′) denote the number of intersection points of φ′(W ′) and
W ′ in V ′. Finally, let
Arn− int(W ′, V ′) := min
φ′
int(W ′, V ′, φ′)
where φ′ runs over all Hamiltonian symplectomorphisms V ′ → V ′ as above.
Similarly, one defines Arn − ints(W
′, V ′) := minφ′ ints(W
′, V ′, φ′). Then
the Arnold-Givental Lagrange intersection conjecture claims that Arn −
int(W ′, V ′) = Crit(W ′) and Arn− ints(W
′, V ′) = Critm(W
′) if W ′ is sym-
metric under the anti-symplectic involution.
Theorem 1.3 Let (V ′, ω′) be a symplectic manifold with symplectic form ω′.
Let W ′ ⊂ V ′ a close Lagrange submanifold such that H1(W ′) = 0. Then,
Arn− int(W ′, V ′) := Crit(W ′); Arn− ints(W
′, V ′) := Critm(W
′),
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Theorem 1.4 Let (V ′, ω′) be a symplectic manifold with symplectic form
ω′. Let Φ : (V ′, ω′) → (V ′, ω′) be a diffeomorphism such that Φ∗ω′ = −ω′,
Φ2 = Id. Let W ′ ⊂ V ′ be the symmetric Lagrange submanifold about Φ, i.e.,
W ′ = {x ∈ V ′|Φ(x) = x}. Then,
Arn− int(W ′, V ′) := Crit(W ′); Arn− ints(W
′, V ′) := Critm(W
′),
i.e., the Arnold-Givental Lagrange intersection conjecture holds.
Now let (M,ω) be a closed symplectic manifold, and let φ : M → M
be a Hamiltonian symplectomorphism (see[2])). Furthermore, let Fix(φ) and
Fixs(φ) denote the number of fixed points of general φ resp transversal φ.
Finally, let
Arn(M,ω) := min
φ
Fix(φ) and Arns(M,ω) := min
φ
Fixs(φ),
where φ runs over all Hamiltonian symplectomorphisms M → M resp.
φ runs over all Hamiltonian symplectomorphisms M → M such that its
fixed points are all nondegenerate. The famous Arnold conjecture claims
that Arn(M,ω) = Crit(M) and Arns(M,ω) = Critm(M). Let (V
′, ω′) =
(M × M,ω ⊖ ω), then L = {(σ, σ) ∈ M × M |σ ∈ M}, i.e., its diagonal
of the product is Lagrangian submanifold in (V ′, ω′). Moreover, the map
P : (M ×M,ω⊖ω)→ (M ×M,ω⊖ω), P (x, y) = (y, x), x, y ∈M is an anti-
symplectic involution and L is its fixed points set. So, by the above theorem,
we have
Theorem 1.5 Let (M,ω) be a close symplectic manifold with symplectic
form ω. Then,
Arn(M,ω) := Crit(M) and Arns(M,ω) := Critm(M),
i.e., the Arnold fixed point conjecture holds.
Theorem 1.6 Let (V ′, ω′) be a symplectic manifold with symplectic form ω′.
Let W ′ ⊂ V ′ a close Lagrange submanifold such that i∗ : H1(W
′) → H1(V
′)
is injective. Then,
Arn− int(W ′, V ′) := Crit(W ′); Arn− ints(W
′, V ′) := Critm(W
′),
The proofs of these theorems does not depend on the hard analysis and
relies on the analysis of the primitive one form of the symplectic form.
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2 Proof of Theorem 1.1-1.2
Proof of Theorem1.1: Assumption n ≥ 2. Consider the exact isotopy
of Lagrange submanifolds in T ∗M given by ϕt, t ∈ [0, 1] as a hamilton
isotopy of T ∗M induced by hamilton vector field Xht with hamilton func-
tion ht. Consider the Lie derivative LXhtλM , by hamilton perturbation, we
can assume that LXhtλM |(ϕt(M) ∩ U(M)) = λM |(ϕt(M) ∩ U(M)), here
U(M) is the small neighbourhood of zero section M in T ∗M . Moreover,
LXhtλM = iXhtdλM + diXhtλM = dHt, here Ht is defined on T
∗M . The level
sets of Ht defines a foliation Ft on T
∗M . For t small enough, the Lagrangian
submanifold ϕt(M) in T
∗M is transversal to the foliation Ft except the La-
grangian submanifold M . So, we can perturb the Lagrangian isotopy ϕt such
that the intersection points sets ϕt(M) ∩M is invariant and the Lagrangian
submanifold ϕt(M) is transversal to the foliation Ft except the intersection
points set ϕt(M) ∩M .
This shows that the critical points of H1|ϕ1(M) are in the intersection
points set ϕ1(M) ∩M .
This yields Theorem1.1.
Proof of Theorem1.2: Same as the proof of Theorem1.1.
3 Proof of Theorem1.3-1.6
Proposition 3.1 Let (V ′, ω′) be a symplectic manifold with symplectic form
ω′. Let W ′ ⊂ V ′ a close Lagrange submanifold. Let ϕ′t : V
′ → V ′ be a
Hamiltonian isotopy with compact support in V ′ such that ϕ′0 = Id and ϕ
′
1 =
ϕ′. Consider the isotopy of Lagrange submanifolds in V ′ given by F ′t = ϕt, t ∈
[0, 1] as a C∞−map F ′ :W ′ × [0, 1]→ V ′. We assume that F ′ : [0, 1]×W ′ \
{qi|i = 1, ...k} → V
′ is an immersion and F ′ : ([0, 1]×W ′) \ Σ → V ′ is an
embedding, here Σ is the Riemann surfaces with boundaries contained in the
boundaries of [0, 1]×W ′(see[7]). Let Ln+1 = ∪t∈[0,1]ϕt(W
′), then there exists
a neighbourhood U ′(Ln+1) of Ln+1 in V
′ and a 1−form α′ on U ′(Ln+1) such
that ω′ = dα′.
Proof. With loss of generality, we assume n ≥ 4. Now we compute F ′∗ω as
in [6] as
F ′∗ω′|([0, 1]×W ′) = ϕ∗tω|W
′ + iϕ˙ω ∧ dt
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= ω|W ′ + dW ′ht ∧ dt
= dθ′. (3.1)
So, ω|F ′([0, 1] ×W ′ \ (Σ ∪ {qi|i = 1, ...k}) is exact. Let Σ
′ ⊂ U ′(Ln+1) is a
2−cycle in W ′, if necessay, by the small perturbation, we can assume that
Σ′ ∩ (Σ ∪ {qi|i = 1, ...k}) = ∅, so we have
∫
Σ′ ω
′ =
∫
Σ′ dθ
′ = 0, so ω′|U ′(Ln+1)
is exact. This proves the proposition.
Proof of Theorem1.3. Since H1(W ′) = 0, by Proposition 3.1 and
Theorem1.2, it is obvious.
Proof of Theorem1.4. SinceW ′ is the fixed points set of Φ and Φ∗ω′ =
−ω′. By the proof of Proposition3.1, there exists a neighbourhood U ′(Ln+1∪
Φ(Ln+1)) of Ln+1 ∪ Φ(Ln+1) in V
′ and a 1−form α′ on U ′(Ln+1 ∪ Φ(Ln+1))
such that ω′ = dα′. Let θ′ = 1
2
(α′ − Φ∗α′), then ω′ = dθ′ and θ′|W ′ = 0. By
Theorem1.2, Theorem1.4 follows.
Proof of Theorem1.6. By the proof of Proposition3.1, there exists a
neighbourhood U ′(Ln+1) of Ln+1 in V
′ and a 1−form α′ on U ′(Ln+1) such
that ω′ = dα′. Then, by the condition that i∗ : H1(W
′)→ H1(V
′) is injective,
we can assume that α′ is exact. Then, Theorem1.2 yields Theorem1.6.
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